In a previous communication [1] it was shown that a joint analysis of Cosmic Microwave Background (CMB) data and the current measurement of the local expansion rate favours a model with a scale invariant spectrum (HZP) over the minimal ΛCDM scenario provided that the effective number of relativistic degrees of freedom, N ef f , is taken as a free parameter. Such a result is basically obtained due to the Hubble Space Telescope (HST) value of the Hubble constant, H 0 = 73.24 ± 1.74 km.s −1 .Mpc −1 (68% C.L.), as the CMB data alone discard the HZP+N ef f model. Although such a model is not physically motivated by current scenarios of the early universe, observations pointing to a scale invariant spectrum may indicate that the origin of cosmic perturbations lies in an unknown physical process. Here, we extend the previous results performing a Bayesian analysis using joint CMB, HST, and Baryon Acoustic Oscillations (BAO) measurements. In order to take into account the well-known tension on the value of the fluctuation amplitude parameter, σ 8 , we also consider Cluster Number counts (CN) and Weak Lensing (WL) data. We use two different samples of BAO data, which are obtained using two-point spatial (BAO 2PCF) and angular (BAO 2PACF) correlation functions. Our results show that the joint CMB+HST+WL+NC dataset favor the extensions of the ΛCDM model over its minimal parameterization. Also, analysis with the BAO 2PCF always discard the HZP+N ef f model with respect to standard scenario, whereas the combinations using BAO 2PACF favor the former model. We, therefore, find that all dataset disfavor the ΛCDM model with respect to the HZP+N ef f extension, the only exception being the joint analysis with BAO (2PCF).
Introduction
Recently, several works have focused on the so-called H 0 tension, the discrepancy on the value of the Hubble constant, H 0 , obtained in the context of the ΛCDM model from current Cosmic Microwave Background (CMB) data [2] , H 0 = 67.31 ± 0.96 km s −1 Mpc −1 (68% C.L.), and the value measured using different geometric distance calibrations of Cepheids, H 0 = 73.24 ± 1.74 km s −1 Mpc −1 (68% C.L.) [3] (see also [4] ). Currently, it is not completely clear whether such a tension is due to systematics in the data or an indication of new physics to be discovered beyond the standard model of cosmology (see, e.g., [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] ).
In a previous communication [1] we analysed a model proposed by Harrison [16] , Zeldovich [17] and Peebles [18] (hereafter HZP) before the birth of the cosmological inflation theory. As well known, in the latter the scalar perturbations lead to a scale dependent primordial spectrum, so the scale invariant assumption, n s = 1, of the HZP model is not supported within the inflationary context being necessary some unknown fundamental process to justify such a spectrum. The current CMB data provide a significant detection of a deviation of the scalar spectral index, n s , from the exact scale invariance value [2] , ruling out the HZP model.
On the other hand, the tension between the CMB and the local measurements of the Hubble constant gave rise to investigations concerning the positive correlation between the H 0 parameter with the spectral index [19] , and we have seen that it can lead to a reconsideration of the HZP model which, if confirmed, would have a huge impact in the current cosmology. In Ref. [1] we pointed out that the scale invariance assumption, n s = 1, although not physically motivated by current scenarios of the early universe, is able to alleviate the H 0 tension when the model is extended with the effective number of relativistic degrees of freedom, N ef f , hereafter HZP+N ef f model, being N ef f 3.7 1 . Indeed, the N ef f parameter is almost degenerated with n s , altering the damping tail of the temperature spectrum and mimicking the role of a spectral index [2, [20] [21] [22] , being also correlated with the H 0 value, since a higher N ef f in the early universe leads to a faster expansion rate.
Values of N ef f > 3 are allowed by recent Big Bang Nucleosynthesis (BBN) and CMB data [2, 12, [23] [24] [25] [26] [27] . From the theoretical point of view, standard particle physics predicts a contribution N ef f = 3.046 due only to the three family of neutrinos that were relativistic at decoupling epoch. Nevertheless, even within the context of standard particle physics there can be extra contributions to the effective number of relativistic species coming from, for example, the stochastic background of primordial gravitational waves, which in some models can give a significant contribution to the value of N ef f [28, 29] . There is also the possibility of contributions to N ef f which are not predicted by standard particle physics like, for example, eV-scale sterile neutrinos, thermal axions, Goldstone Bosons and even relativistic dark matter. These additional free-streaming relativistic particles are often called dark radiation [30] . Another ongoing issue in the ΛCDM context concerns the current large-scale structure data, more specifically to the value of the matter fluctuation amplitude on scales of 8h −1 Mpc, σ 8 . This issue is also related with the H 0 tension mentioned above, as the Hubble parameter is correlated with the matter density Ω m and σ 8 . Constraints on the Ω m -σ 8 plane have been widely discussed in the literature [31] [32] [33] [34] [35] [36] since the Planck primary CMB data provided significantly different constraints from the thermal Sunyaev-Zel'dovich cluster counts results [37] [38] [39] and the galaxy weak lensing [40] , these two latter preferring lower values of σ 8 . This tension is of particular interest since galaxy clusters and weak lensing observations are sensitive to the cosmic matter density and σ 8 and offer a powerful complementary probe to CMB data and geometric observables.
In this paper, we extend and complement the results of [1] considering both the H 0 and σ 8 issues above discussed. We perform a Bayesian analysis to test the observational viability of a scale invariant spectrum when the effective number of relativistic degrees of freedom is taken as a free parameter. We use current CMB data from the Planck collaboration [41] , two sets of measurements of the Baryon acoustic oscillations (BAO) [42] [43] [44] [45] [46] [47] , weak lensing [40] and Sunyaev-Zeldovich cluster counts [37] observations and the latest value of the Hubble constant obtained by the Hubble Space Telescope (HST) [3] . It is worth mentioning that the two BAO data sets differ also in methodology. While the measurements of Ref. [42] [43] [44] are obtained from a 3-dimensional analysis which calculates the two-point spatial correlation function (2PCF) and adopts the standard cosmology as fiducial model -to convert the measured angular positions and redshift into comoving distances (hereafter 2PCF BAO), the BAO measurements of Ref. [45] [46] [47] are obtained from a 2-dimensional analysis which calculates the two-point angular spatial correlation function (2PACF) without adopting any fiducial cosmology (we refer the reader to [45, 48] for a discussion on this subject).
Method
We consider two models, namely the HZP+N ef f and the minimal ΛCDM, parameterised with the usual set of cosmological parameters: the baryon density, Ω b h 2 , the cold dark matter density, Ω c h 2 , the ratio between the sound horizon and the angular diameter distance at Table 2 . 68% confidence limits for the cosmological parameters using PLC+HST(+BAO) data. The ∆χ 2 best and the ln B ij refer to the difference of the HZP+N ef f using BAO 2PCF (BAO 2PACF) with respect to the ΛCDM using BAO 2PCF (BAO 2PACF). Table 3 . 68% confidence limits for the cosmological parameters using PLC+HST+WL+SZ(+BAO) data. The ∆χ 2 best and the ln B ij refer to the difference of the HZP+N ef f using BAO 2PCF (BAO 2PACF) with respect to the ΛCDM using BAO 2PCF (BAO 2PACF). decoupling, θ, the optical depth, τ , the primordial scalar amplitude, A s , and the primordial spectral index n s . For the HZP+N ef f model we consider n s fixed to unity and add the effective number of relativistic degrees of freedom as free parameter. We choose to work with flat priors (see Tab. 1) and purely adiabatic initial conditions, also fixing the sum of neutrino masses to 0.06 eV . We perform our Bayesian analysis employing the nested sampling algorithm of MultiNest code [49] [50] [51] in the most recent release of the package CosmoMC [52] . We use the Boltzmann solver CAMB code [53] , already implemented in CosmoMC, to compute the theoretical predictions of the models. The Bayesian evidence of our analysis are obtained using the Nested Importance Sampling (INS) [51, 54] of MultiNest.
We consider the base dataset, "PLC+HST", composed by the CMB data from the latest Planck Collaboration (2015) release [2, 41] (PLC), and the prior on the local value of the expansion rate based on direct measurements made with the HST [3] . The PLC likelihood is composed of high-Planck temperature data and the low-P data by the joint TT,EE,BB and TE likelihood 2 . We extend the base dataset with BAO 2PCF data obtained from the 6dF Galaxy Survey (6dFGS) [42] , SDSS DR7 Main Galaxy Sample (SDSS-MGS) galaxies [43] , BOSS galaxy samples, LOWZ and CMASS [44] . The BAO 2PACF data we consider here are from recent analysis of 2-point angular correlation function of luminous red galaxies from the SDSS-DR10 and DR11 [45] [46] [47] . In order to improve the constraints on σ 8 we also include in our dataset the thermal Sunyaev-Zeldovich (SZ) counts observations from Planck [37] 3 and the low redshift weak gravitational lensing (WL) data from The Canada-France-Hawaii Telescope Lensing Survey CFHTLenS, which is a 154 square degree multi-filter survey [40] that provides one of the most robust low-redshift measures of cosmology to date.
For the Bayesian model comparison we use the revisited version of the Jeffreys scale [55] suggested in [56] , where the preference of the analysed model with respect to the reference one is classified as: inconclusive for ln B ij = 0 − 1, weak for ln B ij = 1 − 2.5, moderate for ln B ij = 2.5 − 5 and strong for ln B ij > 5, being B ij the Bayes factor, i.e. the ratio between the Bayesian evidence of the analised model over the reference one. Note that a negative B ij means preference of the latter over the former model.
Results
The main quantitative results of our analysis are displayed in Table 2 , 3 and 4, where the values of ∆χ 2 and Bayes factor shown are calculated with respect to the minimal ΛCDM scenario using the same dataset. From Table 2 , it is clear that for the ΛCDM model the inclusion of the BAO 2PCF data does not alter significantly the parameter estimation found in previous analysis of [1, 2, 57] while the dataset PLC+HST+BAO 2PACF imposes new constraints on the cosmological parameters (see also Fig. 1 ). In particular, it is worth mentioning that the lower the value of Ω c h 2 the higher the value of n s . We also note that the BAO 2PACF data allows for a Hubble parameter value of H 0 = 70.94 ± 0.63 km.s −1 .Mpc −1 (68% C.L.), which alleviates the H 0 tension. This difference in the results may be due to the differences between the techniques used for measuring the BAO signatures, as the BAO 2PACF data are obtained almost model-independently whereas the BAO 2PCF measurements adopt the ΛCDM model as the fiducial cosmology (we refer the reader to [45] ).
Concerning the HZP+N ef f model, both analyses using BAO 2PCF and BAO 2PACF point to a higher value of Ω c h 2 , and the derived H 0 value fully agrees with the HST measurement [3, 4] , at the cost of a higher value of N ef f . We also find that the BAO 2PCF measurements strongly disfavor the HZP+N ef f model (ln B ij = −7.6), while the BAO 2PACF signature favors the latter in comparison to the ΛCDM scenario (ln B ij = +6. H 0 Figure 1 . One-dimensional probability distribution for the cosmological parameters of the standard cosmological model, ΛCDM, using several dataset.
suggest that the BAO 2PACF are in better agreement with the local measurements of the Hubble constant than the BAO 2PCF data, which in turn agrees with current CMB Planck (2015) constraints. We also calculate the σ 8 best-fit value for the HZP+N ef f model and note that it changes from σ 8 = 0.85 for the dataset with BAO 2PCF to σ 8 = 0.89 for the dataset with BAO 2PACF. These two values are bigger than the marginalised ones obtained for the ΛCDM model using Planck data, i.e., σ 8 = 0.829 ± 0.014 [2] . This is probably due, as mentioned earlier, to the value of the Gaussian prior on the Hubble constant adopted in the analysis. We performed a second analysis adding the lensing data and Sunyaev-Zeldovich cluster counts. The results are summarized in Table 3 . The dataset PLC+HST+WL+SZ+BAO 2PACF provides different constraints on the cosmological parameter for the standard model with respect to the respective 2PCF data, which require a lower value for Ω c h 2 and a higher value of n s , as in the previous case. In agreement with the results shown Table I , we note that the BAO 2PACF data allows values of the Hubble constant closer to the HST measurement, and that for the HZP+N ef f model, N ef f assumes significantly lower values using BAO 2PACF dataset in comparison to the value obtained using BAO 2PCF. Such value matches the Planck Collaboration analysis at 2σ, considering only the PLC data [2] . As mentioned before, although considerably far from the standard value, N ef f = 3.046, recent BBN and CMB data also allow for values of N ef f > 3 (see, e.g. [2, 12, [23] [24] [25] [26] [27] ).
Concerning the value of σ 8 , we observe that the BAO 2PACF analysis prefers an higher value of H 0 and a lower value of σ 8 , when compared to the one obtained with BAO 2PCF. However by comparing the ΛCDM model with the HZP+N ef f we see that both H 0 and σ 8 values are higher in the later. The Bayesian analysis, by including WL+SZ dataset, essentially confirms our previous result: the HZP+N ef f model is disfavored (ln B ij = −3.9) with respect to the ΛCDM when the BAO 2PCF are considered, while it becomes strongly favored using the BAO 2PACF (ln B ij = +5.1).
Finally, in order to better understand the tension between the dataset, we also perform an analysis using only PLC+HST+WL+SZ. The results are reported in Tab. 4. We note the agreement of the Bayesian preference for the HZP+N ef f model with the analysis in which BAO (2PACF) data are considered, while the constraints on the parameters confirm the results obtained using PLC+HST data [1] (see also Fig. 1 ). These results highlight that all the different combinations of datasets used prefer the HZP+N ef f over the ΛCDM, with the exception of the ones in which BAO (2PCF) data are considered. In other words, while the PLC and BAO (2PCF) support the ΛCDM model, the HST and BAO (2PACF) data suggest an upper value of n s and H 0 . Interesting, the analysis of the ΛCDM+N ef f model of Tab. 4 shows a higher value for the spectral index n s = 0.9901 ± 0.0085 and H 0 = 72.06 ± 1.56.
We emphasize that the significant difference in our results using BAO (2PCF) and (2PACF) is due to the the deeply different measurements techniques of BAO signal. In particular, while the BAO (2PCF) use a fiducial model to estimate the cosmological distance (i.e. without error bars) between the galaxies, the BAO (2PACF) use the angle separation information, with its associated error. Also, the BAO (2PCF) use information of parallel and transversal modes to estimate the measurements, while the BAO (2PACF) use only the transversal model (being more model independent). Finally, the BAO (2PCF) use a deep range of redshifts to perform the measurements, while the BAO (2PACF) use very narrow redshift shells, so that its depth can be considered as being δz ∼ 0. This leads to error bars of one order of magnitude bigger in the BAO (2PACF) case, and also differences in the mean value since all the information of 11 BAO measurements of BAO (2PACF) in the range 0.45 < z < 0.65 are compressed in the only measurement of CMASS BAO (2PCF), calculated in the range 0.43 < z < 0.70. From a simple average of the values of the 11 BAO (2PACF) measurements, we found D A (0.45 ≤ z ≤ 0.65)/r s = 8.47 ± 0.67, which agrees only at 2σ with the CMASS mean value D A (z = 0.57)/r s = 9.524 ± 0.015.
Conclusions
In this work we analysed observational constraints on the standard ΛCDM scenario and an exact scale invariant scenario in which the number of effective degrees of freedom is taken as a free parameter, HZP+N ef f . Although a exact scale invariant spectrum lacks a theoretical justification, ruling out such a scenario as well as its extensions is important to confirm the expectation of small deviations from scale invariance, which are generic to all inflationary models. We have extended the results of Ref. [1] taking into account both the H 0 and the σ 8 tensions and examined in detail the viability of the HZP+N ef f model using the latest data sets of CMB, BAO, WL, GC and H 0 .
First, using as base dataset the joined CMB and HST data, we explored the role of 2PCF and 2PACF BAO measurements on the cosmological analysis. We obtained a higher value of Bayesian evidence for the minimal ΛCDM scenario using the BAO 2PCF measurements compared to the value obtained using the BAO 2PACF data. Also, while the ΛCDM model is preferred by the BAO 2PCF, the HZP+N ef f model becomes favored when the BAO 2PACF data are considered, which is in agreement with our previous results using only PCL+HST data. Both BAO data sets favor an higher H 0 value, which alleviates the tension between the Planck 2015 CMB data and the HST value of H 0 . Second, including into the previous dataset cluster counts and weak lensing observations, in order to better constrain the σ 8 parameter, the new analysis basically confirms the previous result. Finally, we performed an analysis using only PLC+HST+WL+SZ data and found its results in agreement with the ones using BAO (2PACF). This analysis helps better understand the differences in the results: the PLC and BAO (2PCF) support the ΛCDM model while the HST and 2PACF prefer an upper value for both n s and H 0 . We emphasize that this is an important aspect of the present analysis since both HST and 2PACF BAO measurements are model-independent and the latest results from 50 Cepheids using Gaia DR2 parallaxes and HST photometry not only confirm the H 0 tension but also enhance it (3.8σ) [4] . Our analysis, therefore, provides a clear example of a theoretically unmotivated model which can provide a good fit to current observations given the current tensions between different data sets and measurements. Such results clearly reinforces the need for more precise, accurate and model-independent observations of the large-scale structure and local expansion rate than currently available.
